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Abstract 

In 1954, Tutte conjectured that every bridgeless graph has a nowhere- 
zero 5-flow. Let oj be the minimum number of odd cycles in a 2-factor of a 
bridgeless cubic graph. Tutte's conjecture is equivalent to its restriction to 
cubic graphs with uj > 2. We show that if a cubic graph G has no edge cut 
with fewer than |o> — 1 edges that separates two odd cycles of a minimum 
2-factor of G, then G has a nowhere-zero 5-flow. This implies that if a 
cubic graph G is cyclically n-edge connected and n > |o; — 1, then G has 
a nowhere-zero 5-flow. 

1 Introduction 

Let M = (V, E) be a graph with vertex set V and edge set E. Each edge is 
incident to precisely two different vertices, i.e. multiple edges may occur but 
there are no loops. 

An orientation D of M is an assignment of a direction to each edge, and for 
v G V, D~(v) (D + (v)) is the set of edges whose head (tail) is incident to v. The 
oriented graph is denoted by D(M), dp, M Jv) = \D~(v)\ and dp, M Jv) = \D + (v)\ 
denote the indegree and outdegree of vertex v in D(M), respectively. 

Let k > 2 be a positive integer and if : E — > {0, 1, . . . , k — 1}. If for all 
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veV, 

then (D, is a k-flow on M. If, in addition, </?(e) 7^ 0, for all e E E, then 
(-D, </?) is a nowhere-zero fc-flow on M. We also say that M has a nowhere- zero 
fc-flow. 

If a graph has a nowhere-zero fc-flow then it has one for every k' > k. Tutte 
[7] proved that a graph G has a nowhere-zero fc-flow (D, ip) if and only if it has 
a flow (D 1 , ip') such that for every edge e, |^'(e)| is one of 1, . . . , k — 1. Thus 
determining for which number k a graph has a nowhere- zero A;-flow is a problem 
about graphs, not directed graphs. 

Tutte [8] raised the problem to determine the smallest k for which a graph 
has a nowhere- zero &-flow, and he formulated the 5-Flow Conjecture. 

Conjecture 1 [8] Every bridgeless graph has a nowhere- zero 5-flow. 

Seymour [6] proved that every bridgeless graph has a nowhere-zero 6-flow. 

The 5-Flow Conjecture is equivalent to its restriction to cubic graphs, cf [3]. 
Every bridgeless cubic graph G has a 2-factor and the oddness 00(G) is the min- 
imum number of odd cycles in a 2-factor of G. Clearly, the oddness must be an 
even number, and it is well known (cf [3]) that a cubic graph G has a nowhere- zero 
4-flow if and only if it is edge 3-colorable (i.e. 00(G) = 0). 

Hence the 5-Flow Conjecture is equivalent to its restriction to bridgeless cubic 
graphs with to > 2. Many papers deal with the structure of a possible counterex- 
ample to the 5-Flow Conjecture. 

A connected graph G = (V, E) that contains two disjoint cycles is cyclically 
n-edge connected if there is no edge cut E' C E with fewer than n edges such 
that two components of G — E' contain cycles. Let n* G be the maximum number 
k so that G is cyclically &-edge connected. Kochol [4, 5] showed that the length 
of a shortest cycle in a possible minimum counterexample is at least 9, and that 
it is cyclically 6-edge connected. This paper proves the following theorems. 

Theorem 1 Let G be a cyclically n-edge connected bridgeless cubic graph. If 
n > \uo — 1, then G has a nowhere-zero 5-flow. 

A minimum 2-factor of a cubic graph G is a 2-factor with precisely 00(G) 
odd cycles. Let JF 2 be a minimum 2-factor of a bridgeless cubic graph G. If 
00(G) > 2, then let mc(jF 2 ) be the maximum number k such that there is no 
edge cut E' C E with fewer than k edges such that two components of G — E' 
contain odd cycles of JF 2 . If 00(G) = 0, then define m G (jF 2 ) = 00. Let m* G = 
max{mc(jF 2 )|jF 2 is a minimum 2-factor of G}. 

Since n* G < m G , Theorem 1 is a direct consequence of the following statement: 

Theorem 2 Let G be a bridgeless cubic graph. If m* G > \uo — 1, then G has a 
nowhere-zero 5-flow. 



2 



2 Balanced valuations and flow partitions 



We consider balanced valuations of graphs, a concept introduced by Bondy [1] 
and Jaeger [2]. A balanced valuation of a graph M = (V, E) is a function w from 
the vertex set V into the real numbers such that for all X C V: | ^2 veX w(v)\ < 
| Dm {X) |, where 9m(-X") is the set of edges with precisely one end in X. For v G V 
let oIm{v) be the degree of v in the undirected graph M. The following theorem 
relates integer flows to balanced valuations. 

Theorem 3 [2] Let M = (V, E) be a graph with orientation D and k > 3. Then 
M has a nowhere-zero k-flow (D, (p) if and only if there is a balanced valuation 
w of M with w{y) = -j^i^d'^^iy) — dMiy)), for all v G V . 

In particular, Theorem 3 says that a cubic graph G has a nowhere-zero 4-flow 
(nowhere-zero 5-flow) if and only if there is a balanced valuation of G with values 



Next we will define the sum of flows. Let M = (V, E) be a multigraph. If 
X C E, then M[X] denotes the graph whose vertex set consists of all vertices of 
edges of X and whose edge set is X. Likewise if X C V, then M[X] is the graph 
whose vertex set is X and whose edge set consists of those edges incident to two 
vertices of X. In both instances the subgraph M[X] is called the subgraph of M 
induced by X. 

Let Ei C E, and (D^ipi) be flows on M[Ej], i — 1,2. The sum (Di,<pi) + 
(D 2 , v?2) is the flow (D, <p) on M[Ei U E 2 ] with orientation 

D := A|{ e | ¥ ,i( e )> ¥ , 2 ( e )} U ^ ) 2|{e| ¥ > 2 (e)>< ( 3i(e)}, and 



for e G i?i U £ 2 . 

Now we are going to define a flow partition of a bridgeless cubic graph. Let 
G = (V, E) be a bridgeless cubic graph, and T 2 be a 2-factor of G with odd cycles 
C\, C*2, . . . , 6*2*, and even cycles 624+1, .., C*2t+^ (< > 0, £ > 0), and let T\ be the 
complementary 1-factor. 

Color the edges of G as follows: Color the edges of with color 1, the edges 
of the even cycles with 2 and 3, alternatively. The edges of the odd cycles are 
colored 2 and 3 alternatively, except one edge which is colored 0. Let c be this 
edge coloring, and we will call c a canonical 4-coloring of G (with respect to JF 2 ). 
Then there are precisely 2t vertices zi, z 2 , ■ ■ ■ , z 2 t where color 2 is missing. 

Let M G = (V, E(M G )) be the graph obtained from G by adding two edges fa 
and f[ between zi%-\ and z 2 i for % — 1, . . . , t. Extend c to Mq by coloring f[ with 
color 2 and with color 4. Let C[, . . .C' s be the 2-factor of Mq induced by the 



in {±2} ({±| 



})• 




(fii(e) + <p 2 (e) if e received the same direction in D\ and D 2 
(pi(e) — c/p 2 (e) I otherwise 
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edges which are colored 1 and 2 (s > 1), and for i — 1, . . . , t let Cf be the 2-cycle 
induced by the edges /j and //. We construct a nowhere-zero 4-flow on M G as 
follows: 

For 1 < % < 2t + £ let (Dj, </?j) be a nowhere-zero flow on the directed cycle 
with v?i(e) = 2 for all e G 

For 1 < i < s let </?■) be a nowhere-zero flow on the directed cycle C[ with 
$(e) = 1 for all e G £(C<). 

For 1 < i < t let (D", <p") be a nowhere-zero flow on the directed cycle C" 
(choose D" such that // receives the same direction as in D[) with <p'-(e) = 1 for 
all eG {f h f!}. Then 

2t+e s t 

(d, tp) = ^(A, ^) + E(^' ^) + E( a", ^) (2) 

i=l i=l i=l 

is a nowhere-zero 4-flow on M^. 

By Theorem 3, there is a balanced valuation w'(v) = 2(2d^ ) , M Jv) — d Ma (v)) 
of M G , and it holds that \2d*, M Jv) - d Ma {v)\ = I. Thus w'(v) G {±2} for 
all v G V. The vertices of Mq (and therefore of G as well) are partitioned into 
two classes A = {v\w'{y) = —2} and B = {v\w'(v) = 2}. Call the elements of 
A (B) the white (black) vertices of M G and of G, respectively. For X C V let 
A x = An X (B x = B fl X) be the set of the white (black) vertices of X, and 
ax = \A X \, b x = \B X \. 

Let G = (V, E) be a bridgeless cubic graph. A partition of V into two classes 
A and B constructed as above, and using a 2-factor JF 2 , a canonical 4-coloring c of 
G, the 4-flow (D, ip) on M G and the induced balanced valuation w' of M G is called 
a flow partition of G, and it is denoted by P G (A, B) = P G (A, B, JF 2 , c, (D, tp), w'). 
If we refer to a special 2-factor JF 2 , we say Pg(A -B) is a flow partition of G with 
respect to JF 2 . 

The following Lemma is a direct consequence of the construction of (D, ip) on 
M G . 

Lemma 1 Let P G (A, B, JF 2 , c, (D, (/?), to') 6e a flow partition of a bridgeless cubic 
graph G = (V, E), and xy = e G E. If the canonical 4-coloring c of G colors e 
with 1 or 2, then x and y belong to different classes, i.e. x G A if and only if 
yEB. 

Lemma 2 Let P G (A, B, JF 2 , c, (D, tp), w') be a flow partition of a bridgeless cubic 
graph G, and let F be a connected subgraph of T<i- 

1) If F is an even cycle, then bp = ap. 

2) If F is an odd cycle, then bp < clf + 1- 

3) If F is a path, then bp < of + 3. 
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Proof. 1) and 2) are obvious by the construction of the flow partition of G. 

3) Firstly we consider case when the edges of F are colored 2 and 3. 

If = 21 + 1 then at least / edges are colored 2. Thus Lemma 1 implies 

that a F > /. Since (^(F)] = 2/ + 2 and b F = 2/ + 2 — a F it follows that b F < a F + 2. 

If \E(F)\ = 21 then / edges are colored 2. Thus Lemma 1 implies that a F = L 
Since \V(F)\ = 21 + 1 it follows that b F = a F + 1. 

Secondly we consider the case when F contains an edge colored 0. 

If the length of F is odd, say 21 + 1, then by the definition of the coloring, 
there is precisely one edge colored 0. Since the first and the last edge of P are 
colored differently, there are / edges which are colored 2. Thus Lemma 1 implies 
that a F > I. Since \V(F)\ = 21 + 2 it follows that b F < a F + 2. 

If \E(F)\ = 21 then at least I — 1 edges are colored 2. Thus Lemma 1 implies 
that a F > I — 1. Since 1 1^(^)1 = 21 + 1 it follows that b F < a F + 3. o 

Let P = Pg(A, B) be a flow partition of a bridgeless cubic graph G = (V, E). 
The function wp : V — > {±|} with Wp(v) = — | if v G A and Wp(v) — | if v G B 
is called the corresponding —valuation of G. 

3 Proof of Theorem 2 

Let G = (V, E) be a bridgeless cubic graph with oddness uo. If u e {0, 2} then G 
has a nowhere- zero 5-flow, cf [3]. Thus we may assume u> > 4. 

Let JF 2 be a minimum 2-factor of G with md^) — m*G ^ — 1- Let 
Pq(A,B) = Pg(A, B, Tii c', (D,ip),w f ) be a flow partition of G with respect to 
JF 2 , and «; = wp g (a,b) be the corresponding |-valuation of G. By Theorem 3 we 
have to show that w is balanced. 

Assume to the contrary that this is not true. Then there is S C V with 



\Y J ^v)\>\d G {S)\. (3) 

If 5 = V, then | Et,esM v )l = = \ d a(S)\, and therefore 5cK Let S be of 
minimum order, so we may assume that G[S] is connected. Let a = as, b = b$, 
and c = Without loss of generality, we may assume that b > a. With 

k = b — a equation (3) becomes 
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k > c. 



We show 



(4) 



Proposition 1 \d G (S)\ < \u - 2 
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Proof. For i = 1,2 let Ef C E be the set of z colored edges in G and let 
c i — \9g(S) H -Ef^l- The 1 colored edges form a 1-factor on G. Thus Lemma 1 
implies that k = c\ and hence c\ > |c by equation (4). 

Let lg (l b s ) be the number of white (black) vertices in S where color 2 is missing 
(with respect to the canonical 4-coloring). Let / = \l b s — Then / < \uj, and 
Lemma 1 implies that k < c 2 + I and hence c 2 + \u) > c 2 + I > k > |c. 

Since d G (S) H Ef and 5 G (5') n £f are disjoint, it follows that |c - \uj < 
Ci + C2 < c, and hence c < |u;. 

If c = | a; — 1, then Ci > |(|cj — 1) = |a; — | and hence ci > §u;. Analogously 
it follows that c 2 > u. Thus c > ci + c 2 > §a>, a contradiction. 

Thus \d G (S) \ = c < \uj - 2. o 

We are going to remove edges from G[S] to obtain a tree T. For z = 1,2 let 
Ei be the set of i colored edges of G[S]. We successively remove 1 colored edges 
which are contained in a cycle of G[S] until we obtain a connected graph which 
has no 1 colored edge which is contained in a cycle. Let E± C £ , (G[S']) be the 
set of these edges. Then each cycle of G[S] — E^ is a cycle of JF 2 . Remove from 
each of these cycles precisely one edge colored 2. Let ££" C £ , (G[5']) be the set 
of these edges. For i — 1, 2 let = l^l, and n = ni + n 2 . Since each of the n 2 
cycles contained in G[5] — E± is connected by 1 colored edges with the rest of 
G[S] — Ei, it follows that n\ < a — n 2 + 1. Therefore n < a + 1. 

The graph T = (S,E(T)) with edge set E(T) = E(G[S] - (Sf U ££")) is a 
tree. 

Proposition 2 Lei a, 6, c, k, and n be defined as above. Then b < 4a + 3 — 3n if 
and only if \k < c. 

Proof. Consider T = (S,E(T)) and let T« = {v\v G S and dr{v) = %}, for 
i = l,2. Thenc + 2n = 2|Ti| + |T 2 | and \E(T)\ = |(3(|S| - (\Ti\ + \T 2 \)) +2\T 2 \ + 
\Ti\) = |(3|T| — c — 2n). Since T is a tree it follows that \S\ = a + b = c — 2 + 2n, 
and hence c = a + b + 2 — 2n. Thus |/c = |(6 — a) < a + 6 + 2 — 2n is equivalent 
to b < 4a + 3 — 3n. o 

Let n' 2 (n 2 ) be the number of odd (even) cycles G[S] — Ei, i.e. n 2 = n' 2 + n 2 . 

Proposition 3 Lei a, 6, c, n 7 and n' 2 be defined as above. Then b < 4a + 3 — 3n + 
n' 2 . 

Proof. Consider G[S] - E x . By Lemma 1 \E X \ < a. Therefore G[S] - E x 
consists of at most a + 1 components, each of them is a cycle of T 2 or a subpath 
of a cycle of JF 2 . 

Let Z , . . . , Z a i [a! < a) be the components of G[S] — E x , and a, (6j) be the 
number of white (black) vertices in Z^, % — 0, . . . , a'. Note that J^ =0 a% = a. 

Then GfS"] — E\ consists of a! + 1 components and a! < a — n x . For i & Ip = 
{0, 1, • • • , a' — n 2 } let Zj be a path, for i e 7 C = {a' — n 2 + 1, • • • , a' — n 2 + n' 2 } 
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let Zi be an odd cycle, and for i e Iq — {a' — n 2 + n' 2 + 1, • • • , a'} let Z { be an 
even cycle. Then follows with Lemma 2 and a' < a — n\ that 

b = E* G / P h + E ie /° 6< + E ie / & &i 

< Ei 6 Jp(Oi + 3 ) + E; G /° ( a * + 1) + E ie / & <H 

= 3(o' - n 2 + 1) + n' 2 + ^ ? a =0 a, 

< 3(a - (ni + n 2 ) + 1) + n' 2 + a 
= 4a + 3 — 3n + n' 2 . o 

Since G has no edge cut with fewer than |a; — 1 edges that separates two odd 
cycles of JF 2 it follows by Proposition 1 that n' 2 = 0. Hence 6 < 4a + 3 — 3n by 
Proposition 3 and therefore |/c < c by Proposition 2. This contradicts equation 
(4) and completes the proof, o 
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